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Optimizing power oscillations
in an ellipsometric system
Ellipsometry is a powerful and well-established optical technique used in the characterisa-tion of materials. It works by combining the components of elliptically polarized light
in order to draw information about the optical system. We propose an ellipsometric exper-
imental set up to study polarization interference in the total internal reflection regime for
Gaussian laser beams. The relative phase between orthogonal states can be measured as
a power oscillation of the optical beam transmitted through a dielectric block and whose
orthogonal components are then mixed by a polarizer. We show under which conditions the
plane wave analysis is valid and when the power oscillation can be optimized to reproduce a
full pattern of oscillation and to simulate quarter and half wave plates.
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In total internal reflection [1, 2], the Fresnel
reflection coefficient becomes complex and pro-
duces an additional phase in the electromag-
netic field. In 1948 [3], Artman showed that this
phase is responsible for the lateral displacement
of Transverse Electric (TE), experimentally dis-
covered one year before by Goos and änchen
(GH) [4], by means of its derivative. In his deriv-
ation, based on the stationary phase method [5],
Artmann, observing that the phase of the Fresnel
coefficients is polarization-dependent, also pre-
dicted a different displacement for Transverse
Magnetic (TM) waves that was experimentally
confirmed one year later by the same GH [6]. We
will refer to this phase as the Fresnel phase hence-
forth. As observed, it is polarization-dependent
and so, if a linearly polarized beam composed
of transverse electric (TE) and transverse mag-
netic (TM) polarizations is totally internally re-
flected, there is a relative phase between its com-
ponents. Information about this relative phase is
not, however, directly accessible through interfer-
ence patterns analysis because they exist between
orthogonal states, a problem with a solution in
ellipsometry. Ellipsometry is an old and well-
established characterisation technique [7–10]. It
relies on the fact that reflections and transmis-
sions are optical processes dependent upon po-
larization and so, differently polarized light will
behave differently when undergoing such pro-
cesses. After interaction with the optical system
of interest, linearly polarized lightwill become el-
liptically polarized, hence the technique’s name,
and the ellipticity of the polarization can be used
to probe into characteristics of surfaces, inter-
faces and thin films [11]. This probing is based
on interference phenomena and ellipsometers
have even been called common path polarization
interferometers [12]. Interference patterns are the
result of a phase difference between superposing
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Figure 1: In (a), the building
block of the proposed optical sys-
tem. A beam composed of TE
and TM polarized light enters
the dielectric block through the
left interface and is totally intern-
ally reflected. The ratio between
its sides allow to have for each
block two internal reflections. In
(b), by lining together blocks like
the one in (a), it is possible to
have the geometry of the optical
system as a controllable para-
meter. The experimental pro-
posal is based on a polarizer-
sample-analyser ellipsometer.
waves [13] and in most devices, this difference
is induced by a set of beam splitters and mir-
rors that differentiate the optical paths of waves
coming from the same source before recombin-
ing them [14]. In ellipsometers, however, the
phase difference is provided by the polarization-
sensitive response of the system, without need
for forced path differentiation, which justifies
the qualification common path of this particular
interferometer. The most remarkable difference,
however, between ellipsometers and other inter-
ferometers is that in the first, interference occurs
between orthogonal polarization states [10].
This seems to be against one of the corner-
stones of interferometry, that is: states polarized
in linearly independent directions do not inter-
fere [14]. Notwithstanding this statement is true,
it is possible to trigger interference using polar-
izers. Indeed, when light passes through a po-
larizer the resulting amplitude is the weighted
sum of the components of the previous field, and
so, any relative phase between these components
will have an effect in the final polarized field.
In this work, we present a detailed analysis
of how the relative Fresnel phase of TM and TE
phase changes when light undergoes multiple in-
ternal reflections within a chain of acrylic blocks.
In particular, we study for which conditions the
plane wave limit holds, when a full pattern of
oscillation can be reproduced, and in what cir-
cumstances the acrylic slab can simulate quarter
and half wave plates. For simplicity of present-
ation the transparent blocks are adjacent each
other. Nevertheless, as we shall discuss in our
conclusions, the power fluctuation is not affect
in the case in which the blocks are not adjacent
but separated by an air gap.
The Jones matrix [1, 2, 13] for a polarizer set at
an angle α with respect to the x-axis is
Mα =
(
cos2 α cosα sinα
cosα sinα sin2 α
)
. (1)
If light, propagating along the z-axis and with
an electric field
E(r) =
[
Ex(r)
Ey(r)
]
(2)
where r = (x, y, z), passes through this device,
the resultant electric field will be given by
Mα E(r) = [Ex(r) cosα+ Ey(r) sinα]
×
[
cosα
sinα
]
.
(3)
This is the sense in which we say a polarizer can
trigger interference between TE and TM polariz-
ations. It mixes the amplitudes of the originally
orthogonally polarized fields. If Ex and Ey have
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the same phase no oscillation can be seen. In this
letter we use this feature of ellipsometric systems
to study the Fresnel phase via power measure-
ments and the oscillatory effect this pahse has
on them. Our experimental proposal is based
on the PSA (Polarizer-Sample-Analyser) ellipso-
meter, as depicted in Fig.1.
Let us consider a linear polarized gaussian
laser, Ex(r) = Ey(r) = E(r), with
E(r) =
E0 e
ik z
ζ
2
(z)
exp
[
− x
2 + y2
w20 ζ
2
(z)
]
, (4)
where w0 is the minimal waist of the beam,
k = 2pi/λ the beam’s wave number and λ the
wavelength, and ζ(z) =
√
1 + 2 i z/kw20 . After
passing through a polarizer set at an angle pi/4,
EINC(r) = Mpi4 E(r) = E(r)
[
1
1
]
, (5)
the incident field hits the left side (air/dielectric
interface) of the rectangular dielectric block as
an equal mixture of TE and TM polarized light.
The plane of incidence is the x-z plane and the
incidence angle, takenwith respect to the normal
of the left interface, is θ0, see Fig. 1. The refracted
angle ψ0 is given by the Snell law,
sin θ0 = n sinψ0 .
The reflection angle at the lower and upper
(dielectric/air) interfaces, obtained from the geo-
metry of the system , is
ϕ0 =
pi
2 − ψ0 .
The transmitted field, forming an angle θ0 with
the normal to the right (dielectric/air) interface,
will have, with respect to the incident one, differ-
ent TE and TM components
ETRA(r) =
[
ETM(r)
ETE(r)
]
. (6)
A polarizer, set at an angle β, will then combine
the component amplitudes
ECAM(r) = Mβ ETRA(r)
= [ETM(r) cosβ + ETE(r) sinβ ]
×
[
cosβ
sinβ
]
,
(7)
before the beam is finally collected by a camera
positioned at a distance zCAM from the origin of
the axes located at the point of minimal waist
of the gaussian beam. The choice of the parti-
cular optical system depicted in Fig. 1 was made
because a block with four right angles ensures,
for n >
√
2, the total internal reflection regime
for every possible incidence angle. Indeed, the
Fresnel reflection coefficient becomes complex
for sinϕ0 > sinϕcri = 1/n and this implies total
internal reflection for incident angle satisfying
θ0 < θcri = arcsin
√
n2 − 1 . (8)
For experimental purposes it is useful to have the
geometry of the block as a controllable parameter.
This is more easily achievable if we consider a
structure composed of N aligned blocks in such
a way N becomes the parameter and the struc-
ture’s length becomes a multiple of the unitary
building block’s length, see Fig.1(b). For this con-
struction to work we need the beam to undergo
the same number of internal reflections in every
block of the line. Being BC and AB the sides of
the unitary dielectric block, from the laws of ray
optics, it can be shown that the constraint
BC = 2 tanϕ0 AB , (9)
fulfils this condition allowing the beam to be re-
flected only twice per block. This double reflec-
tion per block requirement is convenient because
it makes the incidence and transmission direc-
tions parallel, simplifying the geometry of the
system.
When the beam interacts with the dielectric
block its angular distribution is modified by the
Fresnel coefficients [15–17]. Since a paraxial
beam is strongly collimated around the direc-
tion of propagation, the Fresnel coefficients can
be calculated at the incidence angle, and the com-
ponents of the transmitted field can be approx-
imated to
Eσ(r) = Tσ exp
[
i
(
Φ
Snell
+ Φ
[σ]
Fresnel
)]
E(rσ) , (10)
where σ = {TE,TM},
rσ = (x− xSnell − x
[σ]
GH
, y z ) ,
Tσ is the transmission amplitude of the block
which is obtained as the product of the transmis-
sion coefficients at the left and right interfaces,
Tσ =
4 aσ cos θ0 cosψ0
( aσ cos θ0 + cosψ0)
2 , (11)
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Figure 2: The Goos-Hänchen
relative phase for different acrylic
structures is plotted as a func-
tion of the incidence angle. The
curves forN = 3 andN = 2 inter-
cept the pi horizontal line at 32.4o
and 66.7o respectively. This con-
figuration represents the config-
uration of maximal destructive
interference.
with aTE = 1/n and aTM = n, ΦSnell the Snell
phase and Φ[σ]
Fresnel
the Fresnel phase,
Φ
[σ]
Fresnel
= − 4N arctan
[
aσ
√
n2 sin2 ϕ0 − 1
cosϕ0
]
,
(12)
obtained from the Fresnel coefficient of internal
reflection,
Rσ =
[
cosϕ0 − i aσ
√
n2 sin2 ϕ0 − 1
cosϕ0 + i aσ
√
n2 sin2 ϕ0 − 1
]2N
.
The Snell phase Φ
Snell
in Eq. (10) is a global
phase obtained by imposing the continuity at the
air/dielectric and dielectric/air interfaces and
it is connected to the displacement x
Snell
in the
same way that Φ[σ]
Fresnel
is connected to xσ
GH
[5]. Es-
sentially the first order derivative of the phase
with respect to the incidence angle gives inform-
ation about the beam’s trajectory. The displace-
ment x
Snell
tells us from where the transmitted
beam will leave the dielectric, and reproduces
the path predicted by geometrical optics. x[σ]
GH
is the correction to that prediction, the lateral
GH shift [3, 4, 6]. Because x[σ]
GH
∝ λ, for the pur-
poses of this letter, we can neglect it and write
rσ ≈ rSnell = (x− xSnell , y z ). This approxima-
tion allows to work in the plane wave limit. Con-
sequently, the results cannot depend neither on
the beam width nor, directly, on the wavelength
but only on the refractive index, incidence angle
and number of internal reflection. In the con-
clusions, we shall see when and how the power
formula is affected by the GH lateral displace-
ments and for which conditions and incidence
angles the plane wave limit breaks down.
In the case in which the approximation rσ ≈
r
Snell
holds, the power measured at the camera
position, normalised by the incident power, is
given by
PCAM =
∫
dxdy | ECAM(r) |
2∫
dxdy | EINC(r) |
2 .
After simple algebraic manipulations, we obtain
the following expression
PCAM = [ τ
2
cos
2
β + sin
2
β +
τ sin(2β) cos ∆Φ
Fresnel
]
T
2
TE
2
,
(13)
where
τ = TTM/TTE
=
(
n cos θ0 + n
√
n2 − sin2 θ0
n2 cos θ0 +
√
n2 − sin2 θ0
)2
and
∆Φ
Fresnel
= Φ
[TE]
Fresnel
− Φ[TM]
Fresnel
= 4N arctan
[
sin θ0
√
n2 − sin2 θ0 − 1
n2 − sin2 θ0
]
.
The plane wave limit in this derivation is clear
because, for a given material, the period of oscil-
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lation of the power is a function of the refractive
index, of the incidence angle and of the number
of blocks in the system.
It is interesting to give the reason which sug-
gested the choice of acrylic as the material of our
dielectric block. For n = 3/2 (the acrylic refract-
ive index is 1.491) ∆Φ
Fresnel
[pi6 ] = 4N arctan
1
4 ≈
N and ∆Φ
Fresnel
[pi3 ] = 4N arctan
1√
6
≈ 3/2N .
So, observing that the first destructive interfer-
ence is found when the condition ∆Φ
Fresnel
= pi
is achieved, for incidence at pi/6 after 3 unitary
dielectric blocks with BC/AB = 4
√
2 and for
incidence at pi/3 after 2 unitary dielectric blocks
with BC/AB = 2
√
2 we are in the vicinity of
the destructive interference. Another advantage
of using the refractive index n = 3/2 and incid-
ence angles pi/6 and pi/3 is that we can use the
pi/3 unitary block. This block guarantees two
internal reflections for incidence at pi/3, but also
guarantees a reflection for incidence at pi/6.
In Fig. 2, we plot the relative Fresnel phase for
N acrylic dielectric blocks (n = 1.491) as a func-
tion of the incidence angle θ0. For the incidence
angle 32.4o , we find destructive and constructive
interference for 3 and 6 unitary blocks respect-
ively. Observe that, for AB = 1 cm, the unitary
acrylic block for this incidence angle is approx-
imatively of 5.2 cm of length. For incidence at
66.7
o , the minimal and maximal oscillation are
respectively found for 2 and 4 unitary acrylic
blocks. In this case, the unitary block is≈ 2.6 cm.
As observed above, an unitary acrylic block of
2.6 cm of length, if used for the incidence angle
32.4
o , will give only one reflection for each block.
The transmitted beam, coming out from an odd
number of this unitary block, will be refracted
by the right dielectric/air interface with a neg-
ative angle −θ0. Consequently, for the incidence
angle 32.4o and an odd number of unitary acrylic
blocks of 2.6 cm the camera has to be positioned
in the upper zone and not in the lower one as in
the case depicted in Fig. 1b.
The normalised transmitted power (13) oscil-
lates with an amplitude (maximised for a polar-
izer set at an angle β = pi/4) given by
Aβ = TTE TTM sin(2β) (14)
around
Pβ = ( τ
2 cos2 β + sin2 β )Api
4
/2 τ .
As expected, we find for {A
β
, P
β
} the results
of { 0 , T 2
TE
/2 } for a polarizer which selects the
TE component (β = pi/2) and { 0 , T 2
TM
/2 } for a
polarizer selecting the TM component (β = 0).
For a polarizer which filters an equal mixture of
TE and TM waves (β = pi/4), we find
{
Api
4
, Ppi
4
}
=
{
TTE TTM ,
T
2
TE
+ T
2
TM
4
}
. (15)
For the incidence angles 32.4o and 66.7o , we have
oscillations of amplitude 0.92 around 0.46 and
of 0.74 around 0.38 respectively, see Fig. 3. The
choice of a polarization angle β = pi/4 allows to
have the best destructive interference between TE
and TM beams and, consequently, it represents
the best experimental choice to see power oscil-
lations. The choice of an unitary acrylic block
of 2.6 cm allows us to build multiple block struc-
tures containing for each block two internal re-
flections for a beam incident at 66.7o and only a
reflection for the incidence angle 32.4o . For an
odd number of blocks and incidence at 32.4o , we
have to position the camera in the upper zone,
points indicated by N in Fig. 3. In all the other
cases, even number of blocks and incidence at
32.4
o or even/odd number of blocks and incid-
ence at 66.7o , the camera is found in the lower
zone, points indicated by H in Fig. 3.
We hope that the analysis done in this letter
could stimulate experimental investigations to
detect this polarization interference in the power
of an optical beam transmitted through dielectric
structures after a series of total internal reflec-
tions. The choice of an acrylic structure has the
advantage to use the sameunitary block of 2.6 cm
of length, which optimizes the interference for
the two incidence angles. For example, if we had
used BK7 (n = 1.515) structures we would had
found for the incidence angles maximizing the
interference 32.4o and 60.2o and corresponding
unitary blocks of 5.3 cm and 2.9 cm. The fact that
these two blocks are not proportional to each
other by an integer number does not allow to use
the block of minimal length for both incidence
angles.
The interference studied in this letter does not
depend on the particular shape of the optical
beam. The optical system analysed has the par-
ticularity of totally internally reflect waves com-
ing with any incidence angle from the outside,
and so, light is never in the critical region, that
is, the region around the critical angle. In the
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Figure 3: Normalised power at
the camera as a function of the
longitudinal length of an acrylic
structure. The dashed and con-
tinuous lines represents the power
for the incidence angles 32.4o and
66.7
o respectively. The acrylic
structure is done by using unit-
ary acrylic blocks of 2.6 cm. An
odd number of these blocks im-
plies, for incidence at 32.4o , an
odd number of internal reflection
and, consequently, a transmitted
beam forming and angle − 32.4o
with the normal to the right inter-
face, forcing us to move the cam-
era to the upper zone (N). For
an even number of blocks and in-
cidence at 32.4o as well as for an
even/odd number of blocks and
incidence at 66.7o , the transmit-
ted beam is parallel to the incid-
ent one and the camera is posi-
tioned in the lower zone (H).
critical region, which is attainable for a inclined
block, or a right angle triangular prism, sym-
metry breaking effects occur because part of the
beam is totally internally reflected whereas part
of it undergoes partial internal reflection [18–20].
In this case, the shape of the beam plays a role
in the interference patterns. The study of the
incidence region where beams reproduce the
plane waves results is interesting, however, as
a limiting case and guide for limit behaviour of
beams in the critical region, and in view of pos-
sible experimental implementations. Another
situation for which the shape of the optical beam
and its width are important is when the GH lat-
eral displacement, proportional to λ, cannot be
discarded with respect to w0. This happens for
example when the GH shift, amplified by mul-
tiple reflections (2N λ), is comparable with w0.
In this case the cosine term in the power oscil-
lation formula (13) has to be multiplied by the
factor exp[− 2N 2 (xTM − xTE )
2
/w
2
0 ]. The plane
wave limit discussed in this paper is thus valid
for a number of blocks N  w0/λ.
In view of a possible experimental implement-
ation, it is also important to observe that in Fig. 1
the acrylic blocks are placing adjacent to each
other. Nevertheless, this is only a choice done to
simplify our presentation. In the case of blocks
separated by an air gap, the transmission coeffi-
cients become TNσ . Thus, the only change will be
in the amplitude of oscillations.
Finally, we observe that the acrylic block
presented in this letter can also be used to simu-
late quarter and half wave plates. For example,
for the incidence angles analysed in this letter we
can simulate a quarter wave plate for incidence
at 32.4o and an acrylic block of 7.8 cm and an half
wave plate for incidence at 66.7o and an acrylic
block of 5.2 cm, see Fig. 3.
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